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Abstract— High torque density and the potential for high
efficiency have made Surface-Mount Permanent Magnet ma-
chines an attractive option for many high performance drive
applications. However, parameter variations due to temperature
changes, skin effect, and magnetic saturation, can detune the
transient characteristics of the drive, and cause large mis-
matches in torque regulation. The approach presented in this
paper utilizes a combination of adaptively tuned feedforward
and feedback-decoupling terms, in addition to standard propor-
tional feedback for added robustness. The resulting controller
achieves consistent transient response characteristics with zero
steady-state error over a wide range of operating points, without
the use of integral control. The adaptive law is derived using
Lyapunov’s stability theorem, and the resulting adaptive con-
troller is tested numerically in Simulink. Experimental results
confirm the performance of the proposed adaptive controller.

I. INTRODUCTION

The Surface-Mount Permanent Magnet (SMPM) machine

has become a popular choice for many drive applications, due

to its high torque density and potential for high efficiency.

However, variations in machine parameters due to tempera-

ture changes, skin effect, and saturation can detune the tran-

sient characteristics of the drive, and cause significant steady-

state errors in regulated torque. Temperature variations pri-

marily impact the stator resistance, which can increase by as

much as 100% [1], and permanent magnet flux, which has

a negative temperature coefficient of around 0.1% per ◦C

for neodymium (NdFeB) magnets [2]. In the case of high-

pole-pair designs and high-speed applications, the electrical

frequencies in the stator can reach levels where skin effect

begins to cause a noticeable increase in stator resistance. This

paper presents a robust adaptive field-oriented control (FOC)

strategy which allows for simultaneous identification and

torque regulation in SMPM machines with slowly-varying

parameters.

Field-oriented control [3] and its variants have become

the standard for high-performance control of AC machinery

and drive systems. By projecting the sinusoidal electrical

variables into appropriate rotating reference frames using the

Park transform [4], a decoupling of the torque and field

generating components of electrical currents is achieved.

The resulting field-oriented machine dynamics constitute an

overactuated system whose control is analogous to that of a
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separately excited (field-winding) DC machine, where field

and torque generating electrical currents are independently

controlled. Furthermore, electrical variables which are sinu-

soidal in the stationary reference frame are constant in field-

oriented frames, allowing the use of conventional PI current

regulators. While FOC offers a number of advantages over

other control strategies for AC machines, the technique also

suffers from well known sensitivities to parameter variations.

A variety of approaches have been proposed by researchers

to address the issue of parameter variation in Permanent

Magnet Synchronous Machines (PMSMs). Least square es-

timators (LSEs) have been designed for the purpose of

estimating machine parameters online in closed-loop [5], [6],

and open-loop [7] configurations. The approach presented

in [5] divides the estimation task into a “fast” LSE for

the inductances, and a separate “slow” LSE for resistance

and torque constant which are functions of slow thermal

variations. In [8], the author uses the gradient (steepest de-

scent) algorithm to adaptively estimate parameter variations,

which are modeled as lumped time-varying disturbances.

Another approach to online adaptation is the use of artificial

neural networks [9]. Still, Lyapunov-based designs are an

attractive approach as they provide some stability assurances

as part of the design process [10]. To avoid some of the

complexity associated with parameter estimation based on

dynamic models, the authors of [11] and [12] develop their

parameter estimators using steady-state machine models.

This paper presents a new robust adaptive torque regu-

lating controller for SMPM machines which estimates re-

sistance, inductance, and permanent magnet flux linkage

online. The adaptive controller to be presented is derived

using Lyapunov’s stability theorem, and so the stability of

the closed-loop system is demonstrated in the process of

deriving the adaptation law. A robust modification to the

derived adaptive law is used to ensure closed-loop stability

in the presence of unmodeled disturbances. The control

law utilizes a combination of adaptively-tuned feedforward

(to achieve zero steady-state error), d − q decoupling (to

improve transient response), and proportional feedback (to

add robustness to disturbances) terms. Overactuation of the

system is exploited to simultaneously achieve parameter con-

vergence and torque regulation. After reviewing the dynamic

SMPM machine model, the derivation and stability proof

for the proposed adaptive controller is presented. Simulation

results verifying the performance of the control design are

presented. Finally, some remarks specific to experimental

implementation challenges, as well as experimental results,

are discussed.
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TABLE I

LIST OF NOTATION AND SPECIAL MATRICES.

Symbol Description

Electrical Variables

~v(t) Stator Voltage Vector

~i(t) Stator Current Vector

~λPM Permanent Magnet Flux Linkage Vector

R Stator Winding Resistance

L Stator Self-Inductance

ΛPM Permanent Magnet Flux Linkage

Mechanical Variables

τ3ph Three-Phase Electromagnetic Torque

ωr Rotor Angular Velocity

ωre Rotor Electrical Angular Velocity

P Number of Poles

Special Matrices

J =

[

0 −1
1 0

]

90◦ Rotation Matrix

e−Jθ Park Transform (Arbitrary Rotation Matrix)

II. SMPM MACHINE MODEL

A. Machine Dynamics in the Rotor Reference Frame

qr

θr
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dr

q

d

µ ≫ µ0
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d
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S
N

Fig. 1. Cross-section of the two-phase equivalent, two-pole smooth airgap
SMPM machine.

The proposed control algorithm is designed around the

standard two-phase equivalent model for SMPM machines

(Fig. 1). This model and subsequent control design assumes

the following:

A1. The machine to be controlled has a smooth airgap

(i.e., slotting effects are neglected), is fed by an

ideal voltage source inverter (VSI), and is balanced

in its construction such that it can be accurately

represented by its 2-phase equivalent.

A2. Saturation and core loss are neglected, and it is

assumed that any magnetic saliency is negligible

(i.e., Ld = Lq = L).

A3. The rotor and mechanical load have enough inertia

that a significant time-scale separation exists be-

tween electrical and mechanical dynamics.

A4. The sampling frequency of the digital implementa-

tion is high enough that a continuous-time control

design can be sufficiently approximated.

A5. Accurate measurements of the stator currents, rotor

position and rotor velocity are available. Stator

voltage and torque are not measured.

These assumptions are typical and valid under normal op-

eration. The first three assumptions (A1 - A3) simplify the

model by reducing its order and maintaining linearity. The

last two assumptions (A4 and A5) pertain to the control

design and methodology.

Transformed into the rotor reference frame, which is

denoted by a superscript “r”, the electrical dynamics take

the form,

L
d~ir

dt
= −R~ir − ωreJ

(

L~ir + ~λr
PM

)

+ ~vr (1)

where ~ir =
[

ird irq
]T

is the state vector containing the “di-

rect” and “quadrature” stator currents, ~vr =
[

vrd vrq
]T

is the

control input vector of stator voltages, ~λr
PM = [ΛPM 0]

T

is the permanent magnet flux linkage vector, R is the stator

resistance, L is the stator self-inductance, and ωre is the

rotor electrical frequency (i.e., ωre = P
2
ωr, where P is the

number of poles and ωr is the mechanical rotor frequency).

In the rotor reference frame, the electromagnetic torque is

given by,

τ3ph =
3P

4
ΛPM irq. (2)

Finally, the separation between the electrical and mechan-

ical time constants is roughly a factor of 150. Therefore,

the rotor speed is treated as a known constant with respect

to the electrical dynamics (1), as there exists a significant

time-scale separation between the electrical and mechanical

dynamics to justify A3.

B. Test Machine Parameters

For simulation and comparison purposes, the parameters

of the SMPM test machine from MOTORSOLVER were

measured and/or estimated using standard techniques. The

stator resistance was measured with a Digital Multi-Meter,

inductance with an Agilent E4980A LCR meter, and the

permanent magnet flux linkage was identified using the

“open circuit test” and a linear regression. These “assumed”

parameters, denoted by an “overbar” ( ¯ ), are provided in

Table II.

III. ADAPTIVE CONTROL DESIGN

A. Statement of Control Objective

The control objective is the accurate regulation of elec-

tromagnetic torque in SMPM machines, over a wide range

of operating conditions. This is accomplished through the

design of an adaptive torque-regulating controller which is
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TABLE II

ASSUMED TEST MACHINE PARAMETERS.

Parameter Value

Resistance, R̄ 102.8 mΩ

Self-Inductance, L̄ 212.3 µH

PM Flux Linkage, Λ̄PM 12.644 mV-s

No. of Poles, P 10

capable of tracking torque commands with zero steady-state

error in the presence of slowy-varying, uncertain parame-

ters. A Persistently Exciting (PE) direct-axis stator current

is commanded to aid parameter convergence over a wide

operating range, while decoupling is employed to ensure that

the PE signal does not induce ripple in the quadrature-axis

stator current, which would induce unwanted ripple in the

generated torque.

B. Adaptive Control Algorithm Derivation

The relationship between torque, which is unmeasured,

and quadrature current in (2) suggests that torque regulation

is achievable by regulating the quadrature-axis stator current

irq , which is easily measured. Furthermore, (1) suggests that

the stator currents (i.e., the system states) can be regulated by

applying appropriate stator voltages (i.e., the control inputs).

The stator current error vector is defined as follows:

~e r
i = ~̃ir −~ir, (3)

where the “tilde” ( ˜ ) is used to denote a reference value.

The following control law,

~vr = R̂~̃ir+ωreJ
~̂λr
PM + L̂

d

dt
~̃ir+ L̂

(

ωreJ
~ir +Kp~e

r
i

)

, (4)

is formulated using a combination of feedforward, feedback,

and decoupling terms, designed to yield exponentially sta-

ble stator current error dynamics (5) under perfect model

knowledge (i.e., R̂ = R, L̂ = L, and ~̂λr
PM = ~λr

PM ):

d

dt
~e r
i = −

(

R

L
+Kp

)

~e r
i , (5)

where the “hat” ( ˆ ) is used to denote an estimated value,

and Kp > 0 is a constant proportional control gain. However,

when the parameters R, L, and ~λr
PM are not well known,

one can show that the closed-loop error dynamics satisfy the

following equation:

d

dt
~e r
i = −

(

R

L
+Kp

)

~e r
i +

eR
L
~̃ir +

ωre

L
J~eλPM

+
eL
L

(

d

dt
~̃ir +Kp~e

r
i + ωreJ

~ir
)

, (6)

where, eR = R−R̂, eL = L−L̂, and ~eλPM
= ~λr

PM−~̂λr
PM =

[eΛ 0]
T

. To stabilize (6) and achieve the control objectives,

adaptation is required to adjust the values of R̂, L̂, and Λ̂PM .

A block diagram of the proposed controller implementation

is given in Fig. 2, where the crossing arrows behind blocks

symbolize portions of the controller which are tuned by the

adaptation. Note that in practice, implementation of the con-

trol law (4) uses filtered commands (i.e., ~̃ir = {M(s)}~ircmd

and d
dt
~̃ir = {sM(s)}~ircmd, where M(s) is a stable first-order

transfer function)1 to prevent feeding forward an unbounded

signal during a step-change in references.

To derive the adaptive update law, a Lyapunov stability

analysis of the closed-loop system is first performed. The

adaptive law is then chosen such that it makes the Lya-

punov function monotonically decreasing, thereby guaran-

teeing closed-loop stability of the controlled system. The

following Lyapunov function candidate forms the basis of

the derivation:

V (~e r
i , ~eθ) =

1

2

(

~e rT
i ~e r

i +
1

L
~e T
θ Γ

−1~eθ

)

, (7)

where Γ = Γ
T > 0 is the adaptation gain, and ~eθ =

[eR eL eΛ]
T

. The first derivative of (7) with respect to time

is given by,

V̇ (~e r
i , ~eθ) = ~e rT

i ~̇e r
i +

1

L
~e T
θ Γ

−1~̇eθ. (8)

Substituting (6) into (8), with some manipulation, yields,

V̇ (~e r
i , ~eθ) = −

(

R

L
+Kp

)

~e rT
i ~e r

i

+
1

L
~eT
θ Φ

T~e r
i +

1

L
~eθΓ

−1~̇eθ (9)

where

Φ =

[

~̃ir Kp~e
r
i + d

dt
~̃ir + ωreJ

~ir ωre

[

0
1

] ]

=

[

ĩrd Kpe
r
id +

d
dt
ĩrd − ωrei

r
q 0

ĩrq Kpe
r
iq +

d
dt
ĩrq + ωrei

r
d ωre

]

. (10)

It is assumed that the parameters are changing very slowly,

i.e.,

~̇eθ ≈ −
˙̂
~θ (11)

where ~̂θ =
[

R̂ L̂ Λ̂PM

]T

. Finally, the adaptive law is

selected as,
˙̂
~θ = ΓΦ

T~e r
i , (12)

and so (9) becomes

V̇ (~e r
i , ~eθ) = −

(

R

L
+Kp

)

~e rT
i ~e r

i ≤ 0. (13)

Therefore, the closed-loop system (1), with control law (4)

and adaptation (12), is stable in the sense of Lyapunov [13].

To establish asymptotic convergence of the stator current

error (i.e., ~e r
i → 0 as t → ∞), we need to establish

that V̇ (~e r
i , ~eθ) → 0 as t → ∞. This can be shown using

Barbalat’s lemma [13]. Note that the preceding Lyapunov

1{·} denotes a dynamic operator with transfer function “·”.
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Fig. 2. Block diagram of the proposed control law.

stability analysis has established that V (~e r
i , ~eθ) is differen-

tiable and has a finite limit as t → ∞. To establish uniform

continuity of V̇ (~e r
i , ~eθ) we compute,

V̈ (~e r
i , ~eθ) = −2

(

R

L
+Kp

)

~e rT
i ~̇e r

i (14)

and note that

• ~e r
i and ~eθ = [eR eL eΛ]

T
are bounded from (7) and

(13),

• ~̃ir and d
dt
~̃ir are bounded by design, and

• ~ir = ~̃ir − ~e r
i is bounded,

thus ~̇e r
i is bounded (from inspection of (6)), and so V̈ (~e r

i , ~eθ)
is also bounded. Therefore, from Barbalat’s lemma we have

that V̇ (~e r
i , ~eθ) → 0 as t → ∞; and so we conclude that the

control law (4) with adaptive law (12) renders the system (1)

stable in the sense of Lyapunov with ~e r
i → 0 as t → ∞. Note

that while the adaptive algorithm is derived in continuous-

time, its experimental implementation is in discrete-time

using a microprocessor.

IV. SAMPLED-DATA IMPLEMENTATION

A. Time Delay and Compensation

The experimental implementation of the proposed control

algorithm must take into account the sampled-data nature of

its execution on a microprocessor. In particular, sampling of

stator currents and encoder measurements is synchronized

with a center-based pulse-width modulation (PWM) struc-

ture to prevent the pickup of electromagnetic interference

(EMI) generated by switching transitions, during sampling.

A consequence of this synchronization is that it leads to a

one-switching-period delay between sampling measurements

and updating duty cycles, as depicted in Fig. 3.

The presence of this time-delay will impose an upper limit

on the proportional control gain, Kp. Additionally, the use of

reference frame advancing in the inverse Park transform is

s s s
s

a,b,c

a,b,c

a,b,c a,b,c

a,b,c a,b,c

Fig. 3. Time sequence of digital controller implementation.

required as the rotor angular displacement during the delay

interval can be significant. This discrepancy between the

rotor position at the beginning and at the end of a sample

period can lead to instability in the adaptive controller (Fig.

4).

To compensate for this angular displacement, the rotor

position at the middle of the next sample period is predicted

assuming that the rotor velocity is constant over the sample

period, Ts:

θ̂re[k + 1] = θre[k] +
3

2
ωre[k]Ts. (15)

The predicted rotor position (15) is then used to compute

the inverse Park transform in the discrete-time controller

implementation. The inclusion of this simple predictor yields

a stable closed-loop response (Fig. 5) when simulated with

the same control gains, parameters, and initial conditions as

the results in Fig. 4.

B. Switching σ-Modification for Robustness

As the simulation in the previous subsection demonstrated,

adaptive laws such as (12) tend to lack robustness with re-

spect to unmodeled time delays, dynamics and disturbances.

It is therefore important to consider robust modifications to
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Fig. 5. Simulation of sampled-data system with reference frame advancing
via angular rotor position prediction.

such adaptive laws. One such modification is the “switch-

ing σ-modification” [14] which acts as a “soft projection”,

applying a leakage term, σ, to the adaptive law only when

a parameter is exceeding an expected limit on its range of

variation. A benefit of this modification is that the ideal

behavior of the adaptive law is preserved so long as the

estimated parameters remain within their acceptable bounds

(i.e., |θ(t)| < M0).

Including the switching σ-modification, our adaptive law

becomes,
˙̂
~θ = Γ

(

Φ
T~e r

i − σ0Σs
~̂θ
)

(16)

where

Σs = diag [σs,1, σs,2, σs,3] ,

σs,i =











0, if |θ̂i| < M0,i

|θ̂i|
M0,i

− 1, if M0,i ≤ |θ̂i| ≤ 2M0,i

1, if |θ̂i| > 2M0,i

(17)

i = 1, 2, 3,

with leakage parameter σ0 > 0, and where M0,i > 0
is the upper bound for the unknown parameter θi. This

continuous switching function is depicted in Fig. 6. By

choosing appropriate values for the design parameters σ0

and M0,i, parameter drifting due to bounded disturbances is

prevented, ensuring stability of the closed-loop system.

| ˆ |
i
T

,s iV

0,iM
0,2 iM

0V

Fig. 6. Characteristic of switching σ-modification.

C. Ensuring Parameter Convergence

As the stability analysis demonstrated, the stator current

error will always converge to zero at steady-state. However,

convergence of the estimated parameter to their true values

requires that the system is persistently excited (PE). While

parameter convergence is not necessary to meet the control

objective, having accurate knowledge of the machine param-

eters ensures that the desired transient response characteris-

tics are maintained.

The simulation results presented in Fig. 7 demonstrate

how commanding a PE direct-axis current ensures parameter

convergence and that the desired transient characteristics

are achieved. Additionally, ensuring parameter convergence

allows the estimated parameters to be used for secondary

objectives such as condition monitoring. An advantage of

the proposed control design is that it permits the use of any

persistently exciting direct-axis current command without

disturbing the torque regulation.

V. EXPERIMENTAL VALIDATION

A. Description of the Experimental Set-up

The proposed robust adaptive control algorithm has been

implemented on experimental hardware using a dSPACE

DS1104 controller board, and the test machine (Table III)

is a 3-phase, 10-pole, 250 watt SMPM machine from MO-

TORSOLVER with “assumed” parameters (denoted by the

over bar) listed in Table II. A 250 watt DC machine from
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TABLE III

MANUFACTURER MACHINE RATINGS.

Test Motor

Type: PM Brushless
No. Phases: 3
V/I: 42 V/5.7 A
Max. Speed: 4000 RPM
Rated Power: 250 W

Load Motor

Type: DC
No. Phases: N.A.
V/I: 42 V/6 A
Max. Speed: 4000 RPM
Rated Power: 250 W

the same manufacturer serves as the load for the SMPM

machine.

A power MOSFET inverter is used to drive the motors

with a switching frequency of 8 kHz and a bus voltage

of 42 VDC. Duty cycles are calculated using Space Vector

Modulation (SVM), and the ADC sampling is synchronized

with, and offset from, the center-based PWM signals to

avoid sampling during a switching event (as discussed in

the previous section). The experimental setup is depicted in

Fig. 8.

B. Experimental Results

Since mechanical torque was not measured during these

experiments, the quadrature stator current (in the rotor ref-

erence frame) is used to evaluate the transient performance

of the proposed torque regulator in addition to the estimated

electromagnetic torque (18), which can vary with Λ̂PM :

τ̂3ph =
3P

4
Λ̂PM irq. (18)

It should be noted that since torque cannot be measured

directly, accurate knowledge of the PM flux linkage is

required for accurate torque regulation. Online estimation of

the PM flux linkage ensures that the desired electromagnetic

torque will be obtained.

Gate
Drive

Signals

Gate
Drive

Signals

r r

a
b

dc

BUS

User
Inputs

Fig. 8. Experimental setup.

A comparison of stator quadrature current responses for

detuned (“Adaptation OFF”) and tuned (“Adaptation ON”)

parameters is provided in Fig. 9. The detuned controller

consists of the proposed control law (4) with the assumed

machine parameters from Table II, and adaptation gains set

to zero. Note that, while the detuned controller exhibits a

mismatch in regulated variables, the tuned (adaptive) con-

troller tracks the commands with zero average steady-state

error.
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ĩrq

Fig. 9. Comparison of experimental transient responses for a torque step
from 0.2 to 0.4 N-m at 2000 RPM.

Another feature of the proposed adaptive controller is that

its closed-loop transient response remains consistent across

a wide range of operating points. To demonstrate this, torque

steps from 0 to 0.4 N-m were performed at 3000, 1500, and

0 RPM. These transient responses are provided in Fig. 10.

Note that the responses overlay, indicating that the controller

is performing as expected.

The transient response characteristics of the experimental

adaptive parameter estimator for a constant torque command

at a fixed rotor speed, are shown in Fig. 11. Note that the

CONFIDENTIAL. Limited circulation. For review only.

Preprint submitted to 2014 American Control Conference.
Received September 27, 2013.



0 0.01 0.02 0.03 0.04

0

0.1

0.2

0.3

0.4
τ̂ 3

p
h
(N

-m
)

0 0.01 0.02 0.03 0.04

0

1

2

3

4

5

ir q
(A

)

time (s)

 

 

ωr = 3000 RPM

ωr = 1500 RPM

ωr = 0 RPM

Fig. 10. Experimental transient responses of estimated torque (top) and
measured quadrature-axis current (bottom) across a wide range of rotor
speeds.

estimated parameter values, θ̂, have been normalized with

respect to the “nominal” values, θ̄, in Table II. Additional

excitation to aid parameter convergence was provided by

commanding a sinusoidal direct stator current (̃ird = 1 +
sin(15t) + sin(30t)). The higher resistance and inductance

were anticipated, as the parameters listed in Table II do not

account for the additional resistance due to the RDS,ON

of the MOSFET switches, the increase in resistance due

to temperature and frequency, or errors in the RLC meter

inductance measurement due to induced currents.
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Fig. 11. Experimental adaptation parameter convergence for a constant 0.3
N-m torque command at 2000 RPM.

VI. CONCLUSION

This paper has presented a new robust adaptive torque reg-

ulating controller for SMPM machines which concurrently

estimates resistance, inductance, and permanent magnet flux

linkage online. The closed-loop stability of the controller was

demonstrated in the process of its derivation using Lyapunov

stability theory. Simulation results confirm the performance

of the proposed adaptive control design, and experimental

results validating the algorithm over a wide operating range

were presented.
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